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SUMMARY 
Thi s s tudy p r e s e n t s a method f o r de t e rmin ing upper and lower 
bounds f o r the i n f l u e n c e c o e f f i c i e n t s o f a t h i n c i r c u l a r c y l i n d r i c a l 
s h e l l o f v a r i a b l e w a l l th ickness*. The s h e l l i s c o n s i d e r e d t o be s t r e s s e d 
by a bending moment M q and a shea r ing f o r c e H q a p p l i e d a long i t s l ower 
e d g e . The upper edge o f the s h e l l i s no t s u b j e c t e d t o any e x t e r n a l 
f o r c e s „ Under the l o a d i n g d e s c r i b e d , the lower edge o f the s h e l l under ­
g o e s a r a d i a l d i s p l a c e m e n t U q and a r o t a t i o n BQ<> The r e l a t i o n s e x p r e s s i n g 
u and R i n terms o f M and H are assumed t o be l i n e a r and have the f o l l o w -
o
 r
o o o 
ing fo rm. 
u = - C
 U H + C .JA 
o uH o uM o 
B = C U H - C U M H o BH o BM o 
The c o e f f i c i e n t s C . . . C . . . C „ T T , C are c a l l e d the i n f l u e n c e c o e f f i c -
uH' uM* BH' BM 
i e n t s o f the s h e l l under c o n s i d e r a t i o n . : An e x a c t d e t e r m i n a t i o n o f the 
i n f l u e n c e c o e f f i c i e n t s f o r s h e l l s o f v a r i a b l e w a l l t h i c k n e s s i s i n gen­
e r a l i m p o s s i b l e because o f the d i f f i c u l t y o f i n t e g r a t i n g the r e l e v a n t 
d i f f e r e n t i a l e q u a t i o n s ; so methods such as the one d e s c r i b e d i n t h i s 
s tudy must be used t o f i n d s u i t a b l e approx imate v a l u e s . 
The method o f the h y p e r c i r c l e i s based upon the c o n c e p t s o f f u n c ­
t i o n space* A f u n c t i o n space i s i n t r o d u c e d in which the " p o i n t s " are 
quad rup le s o f f u n c t i o n s r e p r e s e n t i n g the s t r e s s r e s u l t a n t s and c o u p l e s 
in the w a l l o f the s h e l l . The e x p r e s s i o n f o r the s t r a i n ene rgy p r o v i d e s 
a m e t r i c i n the f u n c t i o n s p a c e , i n which v a r i o u s p l a n e s and sphe res are 
V l l 
d e f i n e d by u s i n g the d i f f e r e n t i a l e q u a t i o n s which govern the b e h a v i o r o f 
the s h e l l . U l t i m a t e l y i t i s shown tha t the a c t u a l s o l u t i o n t o the d i f f e r ­
e n t i a l e q u a t i o n s i s r e p r e s e n t e d by a p o i n t which l i e s on a c e r t a i n hyper ­
c i r c l e in the f u n c t i o n s p a c e . Upper and lower bounds on the s t r a i n energy 
a s s o c i a t e d w i t h any p o i n t on the h y p e r c i r c l e are d e r i v e d ; and t hus , in 
p a r t i c u l a r , upper and l o w e r bounds on the s t r a i n energy a s s o c i a t e d w i t h 
the a c t u a l s o l u t i o n are o b t a i n e d . 
Bounds on the i n f l u e n c e c o e f f i c i e n t s a re then deduced from the 
upper and l ower bounds on the s t r a i n energy o f the s h e l l by u s i n g e l emen t ­
ary r e s u l t s from the t h e o r y o f q u a d r a t i c f o r m s , and a numer ica l example 
i s p r e s e n t e d which i l l u s t r a t e s the c a l c u l a t i o n s which must be per formed 
in o r d e r t o o b t a i n numer ica l v a l u e s f o r the v a r i o u s bounds . In the nu­
m e r i c a l example a s h e l l i s c o n s i d e r e d in which the w a l l t h i c k n e s s d e c r e a s e s 
e x p o n e n t i a l l y w i t h d i s t a n c e from the loaded e d g e : 
Bounds o b t a i n e d by u s i n g the method o f the h y p e r c i r c l e are compared t o 
r e s u l t s p r e v i o u s l y o b t a i n e d by R e i s s n e r and Sledd by use o f the v a r i a ­
t i o n a l p r i n c i p l e s o f e l a s t i c i t y . In the p a r t i c u l a r example c o n s i d e r e d , 
the method o f the h y p e r c i r c l e y i e l d s s l i g h t l y b e t t e r r e s u l t s than the 
v a r i a t i o n a l method w i t h a p p r o x i m a t e l y the same e f f o r t . The r e s u l t s o b ­
t a i n e d a re p r e s e n t e d in t a b u l a r and g r a p h i c form as f u n c t i o n s o f the 
parameter p , the t h i c k n e s s h^ o f the s h e l l w a l l a t the l oaded e d g e , and 
the r a d i u s a. o f the undeformed midd l e s u r f a c e . 
Chapter I summarizes the b a s i c e q u a t i o n s needed from the t h e o r y 
o f e l a s t i c i t y and u se s them to c a l c u l a t e the i n f l u e n c e c o e f f i c i e n t s f o r 
v i i i 
s h e l l s o f c o n s t a n t w a l l t h i c k n e s s . These c o n s t a n t - t h i c k n e s s c o e f f i c i e n t s 
s u b s e q u e n t l y s e rve as r e f e r e n c e v a l u e s t o which the bounds f o r the i n f l u ­
ence c o e f f i c i e n t s o f s h e l l s o f n o n - c o n s t a n t w a l l t h i c k n e s s may be compared 
in o r d e r t o o b t a i n a q u a n t i t a t i v e i n d i c a t i o n o f the e f f e c t o f the t h i c k n e s s 
v a r i a t i o n . In Chapter I I the method o f the h y p e r c i r c l e i s p r e s e n t e d i n 
terms which f a c i l i t a t e an e s t i m a t e o f the amount by which the s t r a i n energy 
a s s o c i a t e d wi th an approx imate s o l u t i o n d i f f e r s from the s t r a i n energy o f 
the a c t u a l s o l u t i o n . , Chapter I I I a p p l i e s the method o f the h y p e r c i r c l e 
t o the a c t u a l p rob lem o f o b t a i n i n g bounds f o r the i n f l u e n c e c o e f f i c i e n t s 
o f t h i n c i r c u l a r c y l i n d r i c a l s h e l l s , , In Chapter IV the numer ica l r e s u l t s 
o b t a i n e d i n t h i s s tudy a re compared t o the r e s u l t s p r e v i o u s l y o b t a i n e d by 
R e i s s n e r and S ledd [ 2 , 4 ] , S i n c e s u c c e s s f u l use o f the method o f the hyper ­
c i r c l e depends s t r o n g l y on the s e l e c t i o n o f s u i t a b l e f u n c t i o n s t o d e f i n e 
the v a r i o u s approx imate s o l u t i o n s needed , some comment on t h i s p o i n t i s 
i n c l u d e d i n Chapter IIIc 
1 
CHAPTER I 
INTRODUCTION 
In 1947 Prager and Synge [ l ] d i s c u s s e d the approximate s o l u t i o n 
o f c e r t a i n p rob lems in the t h e o r y o f e l a s t i c i t y by use o f the method o f 
the h y p e r c i r c l e , which i s e s s e n t i a l l y a p r o c e d u r e f o r e s t a b l i s h i n g upper 
and l o w e r bounds o f p e r t i n e n t q u a d r a t i c f u n c t i o n a l s . In 1957 R e i s s n e r 
and S ledd [ 2 ] computed upper and lower bounds f o r the i n f l u e n c e c o e f f i c ­
i e n t s o f s e m i - i n f i n i t e c i r c u l a r c y l i n d r i c a l s h e l l s o f non-un i fo rm w a l l 
t h i c k n e s s by u s i n g the v a r i a t i o n a l p r i n c i p l e s o f e l a s t i c i t y . The p r e s e n t 
s tudy i s an a p p l i c a t i o n o f the method o f the h y p e r c i r c l e t o s o l v e the 
p rob lem c o n s i d e r e d by R e i s s n e r and S l e d d . The work i s a l s o ex tended t o 
s h e l l s o f f i n i t e l e n g t h . An i n t e r e s t i n g f e a t u r e o f the work i s t ha t 
bounds f o r a l l t h r e e o f the i n f l u e n c e c o e f f i c i e n t s a re o b t a i n e d s imu l ­
t a n e o u s l y . 
D e f i n i t i o n s and B a s i c Equa t ions 
The c y l i n d r i c a l s h e l l d e a l t w i th i n t h i s s tudy i s c o n s i d e r e d 
s t r e s s e d by a r a d i a l l y d i r e c t e d shea r ing f o r c e and a bending moment 
M q a p p l i e d u n i f o r m l y t o the c i r c u m f e r e n c e o f the bo t tom edge o f the s h e l l 
and a c t i n g about a c i r c u m f e r e n t i a l t angen t t o the lower edge o f the mid­
d l e s u r f a c e ( s e e F i g u r e l ) . The upper edge o f the s h e l l i s no t s u b j e c t e d 
t o any e x t e r n a l f o r c e s . 
The g o v e r n i n g e q u a t i o n s f o r a s h e l l w i t h the geomet ry shown i n 
F i g u r e 1 were d e r i v e d by R e i s s n e r [ 3 ] and a re as f o l l o w s ( t h e prime 
2 
Figure 1. Geometry and Sign Conventions. 
3 
d e n o t e s d i f f e r e n t i a t i o n w i t h r e s p e c t t o £ , the no rma l i zed c o o r d i n a t e in 
the a x i a l d i r e c t i o n ) . 
1 o The E q u i l i b r i u m Equa t ions 
aH + = 0 
Ng - H' = 0 ( 1 ) 
= 0 
2. The Boundary C o n d i t i o n s 
1 ^ ( 0 ) = M 
H(0) - H 
M ^ L / a ) - 0 
H ( L / a ) = 0 
3 . The C o m p a t i b i l i t y Equat ion 
u ' = ap 
4 . The S t r a i n - D i s p l a c e m e n t R e l a t i o n s 
£ A = u / a 
o 
o 
= - v u / a 
(2) 
( 3 ) 
( 4 ) 
4 
The S t r e s s - S t r a i n R e l a t i o n s 
Ce = N r - vN 
(5) 
DK. = (NI 
v M 0 ) / ( l - v 2 ) 
v i ^ ) / ( l - v 2 ) 
Here C = Eh, 
( 6 ) 
D = E h 3 / l 2 ( l - v 2 ) . 
E i s Y o u n g ' s modulus o f the m a t e r i a l and v i s P o i s s o n ' s r a t i o ; Q i s the 
az imutha l angu la r c o o r d i n a t e ; i s the m e r i d i o n a l s t r e s s r e s u l t a n t in 
the s h e l l w a l l ( s e e F i g u r e 2 ) ; N~ i s the hoop s t r e s s r e s u l t a n t ; e.n i s 
d e c r e a s e (under l o a d ) i n the a n g l e o f i n c l i n a t i o n o f the m e r i d i o n a l t an­
g e n t t o the m i d d l e s u r f a c e o f the s h e l l . 
These e q u a t i o n s can be s o l v e d e x a c t l y in the c a s e h = c o n s t a n t ; 
and t he s o l u t i o n , which w i l l be g i v e n in the n e x t s e c t i o n o f t h i s chap­
t e r , can be used t o de te rmine e x a c t v a l u e s o f the i n f l u e n c e c o e f f i c i e n t s . 
These c o n s t a n t - t h i c k n e s s c o e f f i c i e n t s l a t e r s e r v e as r e f e r e n c e v a l u e s 
w i t h which t o compare the r e s u l t s f o r s h e l l s o f n o n - c o n s t a n t w a l l t h i c k ­
n e s s . In the c a s e o f the t h i c k n e s s v a r i a t i o n 
which w i l l a l s o be s t u d i e d , the e q u a t i o n s become t o o d i f f i c u l t t o i n t e g r a t e 
change in m e r i d i o n a l c u r v a t u r e ; and p i s the 
h = h e 
r 
Figure 2 . S t r e s s R e s u l t a n t s and Couples A c t i n g 
upon an Element o f the C y l i n d e r . 
6 
so an approximate method is introduced which yields upper and lower bounds 
on the influence coefficients.. 
Shells of Constant Thickness 
If the thickness of the shell is constant, equations (l) - ( 5 ) can 
be summarized by the equation (Sledd, [ 4 ] ) 
p ( l V ) + 4 X4fS = 0 , ( 7 ) 
where 
2 
= ^ 3(1 - v 2)' jj- . ( 8 ) 
r 
The general solution of equation (?) is 
B = e (c^ cos X£ + C2 sin X£) 
+ e^(cg cos X£ + c 4 sin X£)« 
From equations ( 3 ) and (9) it follows that 
e ^[-(c. + c 0) cos X£ + (c. - c 0) sin X£] 
1 Z. 1 Z. 1 
( 9 ) 
+ e^[(c Q - c.) cos + (cQ + c.) sin X£] 
( 1 0 ) 
^ 4 7 ^ W ^ "" S • X ^ 3 ' X^ [| ^ 
Equations (9), ( 4 ) , and ( 5 ) yield 
Te"X [^(c2 - c 1) cos K - (cl + c 2) sin X£] 
XD 
ft/L - — — 
a 
( 1 1 ) 
v j - eXK[(c3 + c 4 ) c o s \K + ( c 4 - c 3 ) s i n X £ ] > 
7 
Equations (ll) and (l) then give 
f -Xr 
9 \ e (c9 cos \l - c, sin X£) 
|^ + e^(-c 4 cos X?C + c^ sin )J 
The coefficients c^, c^, and c^ are to be determined from the bound­
ary conditions, equations (2). In determining the values of these con­
stants, it is convenient to consider two cases, L/a = oo and L/a < <» „ 
Case I; L/a = co 
Equations (2) yield c 0 = cA = 0 and 
XD 
—- (c0 - c.) - M (13) a 2. l o 
2 
2X D r 
2 C2 = Ho • ( 1 4 ) 
a 
a2H 
Hence c^ = ° (15) 
2X D 
r 
aM a2H 
and c. = - + — - z— „ (16) 
1
 XD 2X D 
r r 
These values for c^  and yield 
P * e"^[M (- ^ g-) cos (17) 
r 
2 
+ H (—§-^)(sin X£ + cos X ^ ) ] ; 
° 2D rX^ 
8 
2 3 
u = e [M ( — S - T T ) ( C O S X^ - s i n X£ ) + H ( — ^ - r ) c o s \ K ] . ( 1 8 ) 
0
 2D X 2 0 2D X 3 
r r 
When £ = 0 , e q u a t i o n s ( 1 7 ) and ( 1 8 ) become 
B q = ( - a / X D R ) M Q + ( a 2 / 2 D r X 2 ) H Q , ( 1 9 ) 
U Q = ( a 2 / 2 D r X 2 ) M Q + ( - a 3 / 2 X 3 D r ) H Q , ( 2 0 ) 
o r , i n terms o f the i n f l u e n c e c o e f f i c i e n t s , 
Po = " V o + V ° ' ( 2 1 ) 
Uo " C u ^ o " C uH H o > ( 2 2 ) 
where 
C p | | = a / X D r , ( 2 3 ) 
C u H = a 3 / 2 D p X 3 , ( 2 4 ) 
C „ = C . = a 2 / 2 D X 2 » ( 2 5 ) 
BH UM ' r 
Equa t ions ( 2 l ) and ( 2 2 ) d e f i n e the i n f l u e n c e c o e f f i c i e n t s C ^ , 
Cpjyj, and C ^ f o r any s h e l l , whether i t i s c y l i n d r i c a l o r no t and whether 
i t i s o f c o n s t a n t t h i c k n e s s o r note In the even t tha t the s h e l l i s c y l i n ­
d r i c a l , o f c o n s t a n t t h i c k n e s s , and o f i n f i n i t e l e n g t h , the v a l u e s o f the 
i n f l u e n c e c o e f f i c i e n t s a re g i v e n by e q u a t i o n s ( 2 3 ) , ( 2 4 ) , and ( 2 5 ) » 
Case I I : h/a < co 
In the c a s e o f a s h e l l o f f i n i t e l e n g t h , the boundary c o n d i t i o n s 
( 2 ) yield 
~
c l + c 2 + C 3 + °4 = a M c A D r 5 ( 2 6 ) 
c 2 - c 4 - a
2 H Q / 2 X 2 D r ; ( 2 7 ) 
- (cos \ L / a , + sin X L / a ) e " X L / ' a c : + e~XL^(cos XL/a 
- sin X L / a ) c 2 + e X L / / a ( c o s XL/a - sin X L / a ) c 3 
+ e X L / / a ( c o s XL/a + sin X L / a ) c 4 = 0 ; ( 2 8 ) 
- e ~ X L / a ( s i n X L / a ) C l + e ~ X L / a ( c o s XL/a) , 
'
C 2 
+ e X L / / a ( s i n X L / a ) c 3 - e X L / a ( c o s X L / a ) c 4 = 0 . ( 2 9 ) 
Equa t ions ( 2 6 ) through ( 2 9 ) s i m p l i f y t o 
- c . + c 0 + c 0 + c „ = aM /XD ; ( 3 0 ) I <c o 4 o r 
c 0 - c , = a
2 H / 2 X 2 D ; ( 3 1 ) 2 4 o ' r 
- ( c o s 2 X L / a ) c 1 + ( l - 2 s in 2 X L / a ) c 2 + e 2 X L / / a ( 1-2 s i n 2 X L / a ) c 3 
+ e 2 X L / / a ( c o s 2 X L / a ) c 4 = 0 ; ( 3 2 ) 
- ( s i n X L / a ) c ^ + ( c o s X L / a ) c 2 + e 2 X L / ^ a ( s i n X L / a ) c 3 
- e 2 X L / / a ( c o s X L / a ) c 4 = 0 . ( 3 3 ) 
These e q u a t i o n s can be s o l v e d r a t h e r e a s i l y , a l t h o u g h the gene ra l 
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s o l u t i o n i s t o o c o m p l i c a t e d t o be o f much i n s t r u c t i v e v a l u e • The equa­
t i o n s are s imp le r i n the case XL/a = 2niCj and the s o l u t i o n then p r o v i d e s 
i n s i g h t i n t o the e f f e c t s o f the f i n i t e l e n g t h o f the s h e l l upon the 
v a l u e s o f the i n f l u e n c e c o e f f i c i e n t s . I f XL/a = 2n% f o r some i n t e g e r 
n > 1 , e q u a t i o n s ( 3 0 ) through ( 3 3 ) s i m p l i f y t o 
- c 1 + c 2 + c 3 + c 4 * aMQ/xD r $ ( 3 0 ) 
c 2 - c 4 = a
2 H Q / 2 X 2 D r ; ( 3 1 ) 
~ c 1 + c 2 + e
4 n 7 C(c 3 + c 4 ) = 0 ; ( 3 4 ) 
c 2 - e
4 n % = 0 . ( 3 5 ) 
These e q u a t i o n s have the s o l u t i o n 
-4mt 
C ]_ = ( a 2 H Q / 2 X 2 D r -
 A M
0 A D r ) ( 7 r ~ 7 ^ ) <
3 6
' 
c 2 - b V a \ ) ( f - S ' ' ( 3 7 ) 1 - e 
c , = ( a 2 H M 2 D + aM A D ) / ( l - e 4 m t ) ; ( 3 8 ) 3 o r o r 
c „ = — A — a
2 H / 2 X 2 D . ( 3 9 ) 
4 . 4mr o r 
1 - e 
Now from e q u a t i o n ( 9 ) 
= a H / 2 X D - a/XD ( l + - — - — ) M 
o ' r r , 4mr o 1 + e 
*
 C
P H H o " %tfo > ( 4 0 ) 
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where 
and 
C p M M a / X D r ) ( l + — J - ^ ) . (42) 
In a l i k e manner i t i s found t ha t 
C „ = ( a 3 / 2 X 3 D ) ( 1 + e . ) . ( 4 3 ) 
uH ' r . , 4nir 
- 1 + e 
A compar i son o f e q u a t i o n s ( 4 1 ) , ( 4 2 ) , and ( 4 3 ) w i t h ( 2 5 ) , ( 2 3 ) , and ( 2 4 ) 
shows t h a t the f i n i t e - l e n g t h e f f e c t s on C ^ and are n e g l i g i b l e f o r 
even modera te v a l u e s o f L / a . For the p a r t i c u l a r v a l u e s o f XL/a - 2roc, 
t h e r e are no f i n i t e - l e n g t h e f f e c t s a t a l l on C „ 
The compu ta t i ons in t h i s s e c t i o n i n d i c a t e tha t f o r s h e l l s o f 
c o n s t a n t t h i c k n e s s the e f f e c t s o f f i n i t e l eng th upon the i n f l u e n c e c o e f f i ­
c i e n t s a re n e g l i g i b l e when the r a t i o o f the l e n g t h o f the s h e l l t o the 
r a d i u s o f i t s m i d d l e s u r f a c e i s g r e a t e r than u n i t y . In Chapter IV the 
r e s u l t s o f e v a l u a t i n g the i n f l u e n c e c o e f f i c i e n t s o f s h e l l s o f f i n i t e 
l e n g t h and n o n - c o n s t a n t w a l l t h i c k n e s s are p r e s e n t e d . Those r e s u l t s , 
which w i l l be i n t e r p r e t e d in d e t a i l when p r e s e n t e d , bear o u t the c o n ­
j e c t u r e sugges t ed by the r e s u l t s o f the p r e s e n t c h a p t e r — namely, tha t 
whether the w a l l t h i c k n e s s i s c o n s t a n t o r n o t , the i n f l u e n c e c o e f f i c ­
i e n t s f o r s h e l l s o f f i n i t e l e n g t h d i f f e r v e r y l i t t l e from t h o s e f o r 
s h e l l s o f s e m i - i n f i n i t e l e n g t h p r o v i d e d the l eng th o f the f i n i t e s h e l l 
e x c e e d s the r a d i u s o f the midd l e s u r f a c e . That t h i s f a c t i s o f 
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c o m p u t a t i o n a l impor tance i s e v i d e n t from the two c a s e s d i s c u s s e d a b o v e , 
where the i n f l u e n c e c o e f f i c i e n t s f o r the s h e l l o f s e m i - i n f i n i t e length 
were o b t a i n e d much more e a s i l y than t h o s e f o r the s h e l l o f f i n i t e lengthc 
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CHAPTER I I 
THE METHOD OF THE HYPERCIRCLE 
In t h i s c h a p t e r the method o f t he h y p e r c i r c l e i s used t o d e ­
r i v e upper and lower bounds on the s t r a i n energy o f a t h i n c i r c u l a r 
c y l i n d r i c a l s h e l l s u b j e c t e d t o the e x t e r n a l f o r c e s d e s c r i b e d by equa­
t i o n s (2)o A p r o c e d u r e by which t h e s e bounds can be made s u c c e s s i v e l y 
b e t t e r ( t h a t i s , c l o s e r t o g e t h e r ) i s a l s o d e s c r i b e d . 
A f t e r a f u n c t i o n space has been i n t r o d u c e d in which the " p o i n t s " 
o f the space are quadrup les o f f u n c t i o n s r e p r e s e n t i n g the s t r e s s r e s u l t ­
ants and c o u p l e s , N^, M^ 9 M^, g e o m e t r i c i n t u i t i o n p l a y s an impor tant 
r o l e in the d i s c u s s i o n . In f a c t , much o f the power o f the method o f the 
h y p e r c i r c l e l i e s i n the a n a l o g y which may be drawn between the f u n c t i o n 
space and o r d i n a r y t h r e e - d i m e n s i o n a l E u c l i d e a n s p a c e . The ana logy i s 
h e l p f u l i n s u g g e s t i n g u s e f u l r e l a t i o n s , i n m o t i v a t i n g r e a s o n i n g which 
might o t h e r w i s e be o b s c u r e , and i n i n t e r p r e t i n g complex a n a l y t i c a l r e ­
s u l t s which have s imp le g e o m e t r i c meaningso D i s t a n c e in the f u n c t i o n 
space i s measured in terms o f s t r a i n e n e r g y , and an i nne r p r o d u c t i s o b ­
t a i n e d by g e n e r a l i z i n g the e x p r e s s i o n f o r s t r a i n e n e r g y . 
P r e l i m i n a r i e s 
By a s t a t e o f s t r e s s i s meant a s e t o f f o u r f u n c t i o n s , N^, 
, d e f i n e d on the c l o s e d i n t e r v a l 0 < £ < L / a , The u n s t r e s s e d s t a t e 
= = M^ , = = 0 i s r e p r e s e n t e d by the o r i g i n in the f u n c t i o n s p a c e , 
A s t a t e d i s t i n c t from the o r i g i n may be thought o f as a p o i n t P in the 
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f u n c t i o n s p a c e , o r a l t e r n a t i v e l y (and f i g u r a t i v e l y ) as the p o s i t i o n v e c t o r 
b e g i n n i n g a t the o r i g i n and t e r m i n a t i n g a t the p o i n t P 0 
A d d i t i o n and s u b t r a c t i o n o f v e c t o r s and m u l t i p l i c a t i o n o f a v e c ­
t o r by a r e a l number k are d e f i n e d in the usua l way. Thus, i f 
"
S l = {\l> %V \l> V 
and 
s 2 = ( N ^ 2 , N ^ 2 , M ^ 2 ? M ^ 2 ) , 
then 
and 
kSl = ( k N ^ 1 , kNQV KM^ 1 , mQ1) o 
The i nne r p r o d u c t o f two v e c t o r s and S 2 i s d e f i n e d by the r e ­
l a t i o n 
2 r L / a , 
S l * S 2 " 2 * a } 1 / 2 ^ 2 + 6 « 1 N « 2 + 
o 
where e 0 1 * ^ 1 ' ^ 9 1 ' a r e s ^ r a ^ - n s c a l c u l a t e d from the s t r e s s e s o f the 
s t a t e by u s i n g the s t r e s s - s t r a i n r e l a t i o n s ( 5 ) u The i n n e r p r o d u c t d e ­
f i n e d above has the f o l l o w i n g p r o p e r t i e s 0 
( l ) L i n e a r i t y i n the l e f t - h a n d f a c t o r 
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( § 1 + V * "S3 - " Sl " ? 3 + \ • "S3 
and 
( K S ^ . S 2 - K ( S 1 • S 2 ) 
(2) Symmetry ( t h i s p r o p e r t y i s an e x p r e s s i o n o f the r e c i p r o c i t y r e l a t i o n ) 
§ i * "
s2 • 2 * a J 1 / 2 t e a \ 2 + e e i N « 2 + • • • ) * 
e i ' ^ 2 = 2-rta
2
 f 1 / 2 [ 1 / C ( ^ 1 - V N 
0 
+
 c ( N e i " V V N « 2 + 
.L / 
2na J" 1 / 2 [ 1 / C ( ( ^ 2 - v N ^ ) ^ 
+
 c ( N e 2 - ^ 2 ) N « 2 + - - I * 
= 2Tta' 1 / 2 ^ 2 ^ 1 + e e 2 N « i + 
S 2 * S l 
( 3 ) P o s i t i v e n e s s 
16 
S • S » 2*a' 
= 2-na2 J ' lMl/CiN^ + - S v N ^ N ^ ) 
1 - v") 
> 0 u n l e s s S 1 = 0, s i n c e C > 0, D > 0 and 
0 <
 v < 1 
The l e n g t h S o r |s | o f a v e c t o r S i s d e f i n e d as the n o n - n e g a t i v e 
square r o o t o f the inne r p r o d u c t o f S w i th i t s e l f . Thus, 
S = § • S = 2ira J 1 /2 (e N + £gHg + „„„)(£ 
= 2na f WdK , 
where 
2
 r
L/a 
i s the s t r a i n energy f u n c t i o n and 2tta WdC i s the s t r a i n energy o f 
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the s t a t e S o Thus, the l e n g t h o f a v e c t o r i s the n o n - n e g a t i v e square 
r o o t o f the s t r a i n ene rgy a s s o c i a t e d wi th the s t a t e o f s t r e s s which the 
v e c t o r r e p r e s e n t s . 
S i n c e the i nne r p r o d u c t has the t h r e e p r o p e r t i e s l i s t e d a b o v e , 
i t f o l l o w s t ha t the space i s E u c l i d e a n , and thus t ha t the inne r p r o d u c t 
j u s t d e f i n e d s a t i s f i e s the Schwarz i n e q u a l i t y 
S l •
 S
2 I * S 1 S 2 
and the t r i a n g l e i n e q u a l i t y 
s. + s 2 | < S l | + | s 2 . 
I f S^ and S^ are bo th n o n - z e r o s t a t e s , then the ang le Q between S^ and 
S^ may be d e f i n e d by the r e l a t i o n 
Q - c o s i ( S 1 • S 2 / S X S 2 ) . 
The d i s t a n c e between two p o i n t s S^ and S 2 ( o r between the ends o f 
the v e c t o r s S^ and S^) i s d e f i n e d as the l e n g t h o f the d i f f e r e n c e o f the 
two p o i n t s - S 2 | , so t ha t 
.L/a 
S x - S 2 | = 2im2 
The d i s t a n c e so d e f i n e d has the usua l m e t r i c p r o p e r t i e s o f o r d i n a r y 
s p a c e . 
I f the i nne r p r o d u c t o f two s t a t e s i s z e r o , then the two s t a t e s 
are s a i d t o be o r t h o g o n a l . I f the i nne r p r o d u c t o f a s t a t e w i th i t s e l f 
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is unity, the state is said to be normalized. 
Of the theorems which can be carried over from the geometry of 
ordinary space, the Pythagorean theorem is particularly easy to verify, 
For, if and are any two vectors, then 
2 2 
Sl " 2 S 1 ' S2 + S 2 
If and are orthogonal, then 
S l " S 2 
2 2 
bl b2 
States of Stress 
The following is a list of symbols and definitions which are used 
in the ensuing discussiono Each symbol in the list is used throughout 
the rest of this chapter to denote a state of stress satisfying the indi= 
cated conditions or having the indicated propertiesc 
Symbo1 
S* 
S* 
Name Explanation 
complete any state which satisfies the 
equilibrium equilibrium equations (l) s the 
state boundary conditions (2), but not 
necessarily the compatibility 
equation (3) 
homogeneous a set of m states each of which 
equilibrium satisfies the equilibrium equac­
etates tions (l) and the homogeneous 
(p-l,„,.,m) boundary conditions £=0, M=H=0; 
I-h/a, M^=H=0, but not necessarily 
the compatibility equation (3)[the 
states S* are assumed to be linearly 
independent] 
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P 
orthonormal 
homogeneous 
equilibrium 
states 
(p=l,2,.. „ ,1 
a set of m orthonormal states, each 
of which is a linear combination of 
the states S* [and therefore satis­
fies the samfe equilibrium equations 
and boundary conditions] 
rSq compatible 
states 
(q»l,2,...n) 
a set of n states each of which satis 
fies the compatibility equation ( 3 ) , 
but not necessarily the equilibrium 
equations (l) nor any boundary con­
ditions!^  the states *3q are assumed 
to be linearly independent] 
*I orthonormal 
compatible 
states 
(q=l,2,„.0,n) 
a set of n orthonormal states, each 
of which is a linear combination of 
the states *Sq [and therefore satis­
fies the compatibility equation (3)] 
S actual the state actually existing within 
state the shell„ This state satisfies the 
equilibrium equations (l), the com­
patibility equation ( 3 ) , and the 
boundary conditions (2) 0 
The orthonormality of the states I* and of the states I* may be ex 
pressed by the relations 
I* 
P 
I* 
r pr 
1, 2, m) 
*I #1 s 
S qs 
[,r - 1, 2, 0
 i> n) 
where b^ the Kronecker delta, is defined by the relation 
>jk 
The Hyperplane of Equilibrium and the Hyperplane of Compatibility 
A large part of the power of the method of the hypercircle lies 
in the geometrical interpretations of the method. The analogy between 
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the f u n c t i o n space and the f a m i l i a r t h r e e - d i m e n s i o n a l p h y s i c a l space i s 
h e l p f u l i n s u g g e s t i n g i n t e r e s t i n g r e l a t i o n s and i n e q u a l i t i e s which might 
o t h e r w i s e be o b s c u r e and in s u g g e s t i n g l i n e s o f r e a s o n i n g which might 
o t h e r w i s e be p o o r l y m o t i v a t e d . 
In t h i s g e o m e t r i c i n t e r p r e t a t i o n , the hype rp l anes o f e q u i l i b r i u m 
and o f c o m p a t i b i l i t y f i g u r e so p r o m i n e n t l y t ha t they are d i s c u s s e d 
s e p a r a t e l y be low b e f o r e p r o c e e d i n g wi th an e x p o s i t i o n o f the method o f 
the h y p e r c i r c l e . 
By v i r t u e o f the l i n e a r i t y o f the e q u i l i b r i u m e q u a t i o n s ( l ) and 
the homogene i ty o f the boundary c o n d i t i o n s s a t i s f i e d by a homogeneous 
e q u i l i b r i u m s t a t e , any l i n e a r combina t ion o f homogeneous e q u i l i b r i u m 
s t a t e s i s i t s e l f a homogeneous e q u i l i b r i u m s t a t e . For the same r e a s o n s , 
i f a c o m p l e t e e q u i l i b r i u m s t a t e be added t o any homogeneous e q u i l i b r i u m 
s t a t e , the r e s u l t i s a c o m p l e t e e q u i l i b r i u m s t a t e . Thus the s t a t e 
i s a c o m p l e t e e q u i l i b r i u m s t a t e f o r any r e a l v a l u e s o f the c o n s t a n t s a*. 
I f t h e s e c o n s t a n t s a re a l l o w e d t o assume a r b i t r a r y r e a l v a l u e s , the r e ­
s u l t i n g c l a s s o f v e c t o r s o f the form ( 4 4 ) i s an m-dimens iona l hyperp lane 
i n the f u n c t i o n s p a c e . Th i s hyperp lane i s c a l l e d the hyperp lane o f 
e q u i l i b r i u m . 
m 
( 4 4 ) 
p-1 
S i m i l a r l y , any l i n e a r combina t i on o f c o m p a t i b l e s t a t e s 
n 
*a *S 
q q 
( 4 5 ) 
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i s a l s o a c o m p a t i b l e s t a t e , s i n c e the c o m p a t i b i l i t y e q u a t i o n (3) i s l i n e a r 
and no boundary c o n d i t i o n s are imposed on the s t a t e s * S ^ 0 I f the c o n ­
s t a n t s *a^ a re a l l o w e d t o assume a r b i t r a r y r e a l v a l u e s , the r e s u l t i n g 
c l a s s o f v e c t o r s o f the form ( 4 5 ) i s an n -d imens iona l hyperp lane *Ln> 
the hyperp lane o f c o m p a t i b i l i t y . 
I f the two hype rp l anes L* and *L have a p o i n t in commonc, then / r r
 m n r y 
t ha t p o i n t r e p r e s e n t s the a c t u a l s t a t e S, s i n c e the e q u i l i b r i u m equa­
t i o n s , the c o m p a t i b i l i t y e q u a t i o n , and the boundary c o n d i t i o n s are s a t i s ­
f i e d by the s t a t e r e p r e s e n t e d by the common p o i n t . But s i n c e the two 
h y p e r p l a n e s have o n l y m+n d i m e n s i o n s , w h i l e the f u n c t i o n space has i n ­
f i n i t e l y many d i m e n s i o n s , the hype rp lanes w i l l no t i n g e n e r a l have a p o i n t 
o f i n t e r s e c t i o n , In e i t h e r c a s e s t h e r e i s a p o i n t in L* and a p o i n t in #L 
rn n 
a t which the d i s t a n c e between the two hype rp l anes i s a minimum, and as 
w i l l appear l a t e r , t he l o c a t i o n o f t h e s e two p o i n t s i s a key s t e p in 
f i n d i n g upper and lower bounds f o r the s t r a i n energy o f the a c t u a l s t a t e . 
A p r o p e r t y o f t he hyperp lane^ L* and which i s used in the f o l ­
lowing d i s c u s s i o n i s t h e i r mutual o r t h o g o n a l i t y , which may be shown as 
f o l l o w s , 
Any v e c t o r l y i n g in the hyperp lane o f e q u i l i b r i u m L* has the form 
( s e e F i g u r e 3) 
m 
S c - V' a * I * . 
E L p p 
p - 1 
Any v e c t o r l y i n g in the hyperp lane o f c o m p a t i b i l i t y *L has the form 
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Figu re 3. The Hyperplanes o f E q u i l i b r i u m and C o m p a t i b i l i t y 
f o r the Case m=n=l. 
S„ = £ *a *I 
q=l 
C z_. q q 
O r t h o g o n a l i t y o f the two hype rp lanes i s e s t a b l i s h e d by showing tha t 
s c . s E = 0 
From the d e f i n i t i o n o f the inne r p r o d u c t . 
L/c \ ' \ = 2 * A J + E 
G C N G E + WE 
2^a 2 /2 ^ / a [ ( - v / a ) u c ^ £ + ( l / a ) u c N 0 £ 
+ ( l / a ) - j j r M^ E + 0 ° M ]<£ 
o r , s i n c e N^ E = 0 and = dH^/d^, 
S C - S E = ita J (u c dH E /d? ; + d p c / d C M ^ £ ) d C 
An i n t e g r a t i o n by p a r t s g i v e s 
S C - S E = a * j [ u C H E / A + [ ^ E ] ^ 
(H£ducM + pndM*;/de)<£ ,1 J 
The t h i r d term o f the above e q u a t i o n i s z e r o s i n c e 
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H E = -l/a dM^/dC 
and 
duc/d?: = aB c . 
Since S^ is a linear combination of homogeneous equilibrium states, 
HE(0) = M^E(0) = H£(L/a) = M ^ U / a ) - 0 , 
and so 
s c • s E = 0 , 
as was to be shown. 
In particular, then, since I* and *I^ are vectors lying in the 
hyperplanes L* and respectively, 
*I • I* = 0 (p - 1, 2, m; q = 1, 2, n) . 
Figure 3 is a representation of the hyperplanes L* and when 
m=n=l, in which case the hyperplanes are straight lines. 
An Outline of the Discussion to Follow 
The succeeding steps in establishing bounds on the strain energy 
of the actual state (i.e., on the square of the length of S) may be des­
cribed in geometrical terms as follows: 
a) The actual state is located on a hypersphere, on m+n hyper­
planes related to and L*, and then on a hypercircle V 
which is the intersection of the m+n hyperplanes and the 
hypersphere. 
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b ) The c e n t e r C and the r a d i u s R o f the h y p e r c i r c l e P are 
d e t e r m i n e d o 
c ) A minimal p r o p e r t y o f the h y p e r c i r c l e i s v e r i f i e d and the 
e x t r e m i t i e s o f a d i ame te r o f P are l o c a t e d ( t h e s e e x t r e ­
m i t i e s a re the p o i n t s i n *L and L* a t which the d i s t a n c e 
n m 
between the two hyperp lanes i s a minimum). 
d ) A p r o o f i s g i v e n o f the f a c t t ha t the squares o f d i s t a n c e s 
o f t h e s e e x t r e m i t i e s from the o r i g i n are r e s p e c t i v e l y 
2 
l ower and upper bounds on S . 
L o c a t i o n o f the Ac tua l S t a t e on the H y p e r c i r c l e 
Let S be the a c t u a l s t a t e , and l e t S* be any c o m p l e t e e q u i l i b r i u m 
s t a t e . Then, s i n c e S i s i t s e l f a c o m p l e t e e q u i l i b r i u m s t a t e , S - S* i s 
a homogeneous e q u i l i b r i u m s t a t e . A l s o S i s a c o m p a t i b l e s t a t e , and hence , 
by ( 4 6 ) 
S o (S - S*) = 0 . ( 4 7 ) 
Thus, S and S ~ S* are o r t h o g o n a l , and so the end o f S l i e s on a hyper -
sphere o f which S* i s a d i a m e t e r . The c e n t e r o f the hypersphere i s a t 
~ S*, and the r a d i u s i s ~ S* ( s e e F igu re 4 ) . 
I f S i s the a c t u a l s t a t e (and hence a c o m p a t i b l e s t a t e ) and S^ 
i s any homogeneous e q u i l i b r i u m s t a t e , then by ( 4 6 ) 
s • S c = 0 . 
E 
In p a r t i c u l a r , s i n c e each I* i s a homogeneous e q u i l i b r i u m s t a t e , i t 
f o l l o w s t ha t 
26 
S - I* = 0 . (p = 1, 2 , m) ( 4 8 ) 
Thus, S i s o r t h o g o n a l t o the hyperp lane o f e q u i l i b r i u m and l i e s i n each 
o f the m hype rp l anes o r t h o g o n a l t o the v e c t o r s I ( s e e F i g u r e 5 ; . 
I f S i s the a c t u a l s t a t e and 1§ any comple t e e q u i l i b r i u m s t a t e , 
then S - S i s a homogeneous e q u i l i b r i u m s t a t e . I t f o l l o w s from ( 4 6 ) 
t ha t i f i s any c o m p a t i b l e s t a t e , then 
S c • (S - S*) = 0 . ( 4 9 ) 
Thus, the d i f f e r e n c e between the a c t u a l s t a t e S and any c o m p l e t e e q u i l i -
_ * 
brium s t a t e S i s o r t h o g o n a l t o any c o m p a t i b l e s t a t e . In p a r t i c u l a r , 
*_ 
s i n c e each I i s a c o m p a t i b l e s t a t e , 
q 
(S - S ) • I = 0 
q 
o r 
S . *i = s*» * I . ( q = 1, 2 , , 0 O , n) (50) 
This means t ha t the d i f f e r e n c e S - S i s o r t h o g o n a l t o the hyperp lane o f 
c o m p a t i b i l i t y ( s e e F i g u r e 6 ) and l i e s i n each o f the n hype rp l anes which 
pass th rough the e x t r e m i t y o f S and are o r t h o g o n a l t o each o f the v e c t o r s 
#_ 
I . 
q 
Equat ion ( 4 7 ) l o c a t e s the end o f the v e c t o r S on a h y p e r s p h e r e ; 
e q u a t i o n ( 4 8 ) l o c a t e s i t i n each o f the m hype rp lanes p a s s i n g through the 
o r i g i n and o r t h o g o n a l t o L^; and e q u a t i o n ( 5 0 ) l o c a t e s i t i n each o f the 
n h y p e r p l a n e s p a s s i n g th rough the e x t r e m i t y o f S and o r t h o g o n a l t o L . 
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F igu re 4 . The Hypersphere o f wh ich S i s a Diamete r . 
A l s o shown a re^ the a c t u a l s t a t e S and the 
d i f f e r e n c e S-S . 
F igu re 5. The Hyperplane Or thogona l t o I , 
— — £ 
Showing S, 1^  and 1^  f o r the Case 
m=n=l. 
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Figure 6 . The Hyperplane Or thogona l t o I . , Showing the 
V e c t o r s I , S , and S. 
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So the end o f S l i e s on a h y p e r c i r c l e r which i s the i n t e r s e c t i o n o f the 
hype r sphe re and the m+n hype rp l anes j u s t d e s c r i b e d . 
D e f i n i t i o n o f the Center C and De te rmina t i on o f the Radius R o f 
the H y p e r c i r c l e T 
The c e n t e r C o f the h y p e r c i r c l e r i s d e f i n e d t o be the p o i n t 
C = 1/2 
m 
s - ) 1 (s 1 ) + ) 1 (s • 1 
u p p u q q 
p=l q=l 
( 5 1 ) 
The r a d i u s o f r may be found from the r e l a t i o n 
R = (S - C) . (S - C) 
o r 
R = 1/4 
m 
*2 S v p=l q=l ( 5 2 ) 
The p r e c e d i n g d i s c u s s i o n may be summarized as f o l l o w s . 
The e x t r e m i t y o f S ( t h e a c t u a l s t a t e ) i s l o c a t e d on a h y p e r c i r c l e 
r whose e q u a t i o n s a re 
X • (X - S ) = 0 , 
X • I = 0 ( p = 1, 2 ,
 e o o , m) , ( 5 3 ) 
P 
X = S^ . * I q ( q = l , 2 , n) , 
where X i s any p o i n t on r o The c e n t e r C and r a d i u s R o f r a re g i v e n by 
3 0 
e q u a t i o n s ( 5 1 ) and ( 5 2 ) r e s p e c t i v e l y . 
V e r i f i c a t i o n o f a Minimal P r o p e r t y o f the H y p e r c i r c l e T 
and L o c a t i o n o f the E x t r e m i t i e s o f a Diameter 
The n e x t s t e p i n the argument i s m o t i v a t e d by the f o l l o w i n g 
- _# 
o b s e r v a t i o n : I f S i s the a c t u a l s t a t e , S any c o m p l e t e e q u i l i b r i u m 
s t a t e , and S any c o m p a t i b l e s t a t e , then 
The p r e c e d i n g e q u a t i o n may be v e r b a l i z e d a s : the a c t u a l s t a t e l i e s on 
e v e r y hypersphere whose d i ame te r i s the l i n e j o i n i n g any p o i n t o f the 
hype rp l ane o f e q u i l i b r i u m t o any p o i n t o f the hyperp lane o f c o m p a t i b i l i t y . 
#_ # # 
Now p o i n t s V and V i n L and L r e s p e c t i v e l y can be found f o r 
n m n m r 
which the l e n g t h o f t h e i r d i f f e r e n c e i s l e s s than o r equal t o the l eng th 
o f the d i f f e r e n c e o f any two p o i n t s in L^ and L m r e s p e c t i v e l y . Thus, 
V i s t he b e s t a p p r o x i m a t i o n t o S i n L , and V i s the b e s t a p p r o x i ­
mat ion t o S i n L^. These two p o i n t s may be found by u s i n g the f o l l o w i n g 
p r o c e d u r e . 
(S - S*) • (S - s c ) = S • (S - ST*) - s c • (S - S*) = 0 o 
n m 
The g e n e r a l p o i n t in L i s 
m 
p=l 
and the g e n e r a l p o i n t i n L i s 
n 
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where b and b are a r b i t r a r y r e a l numbers. The square o f the d i s t a n c e 
p q 
between the two p o i n t s i s 
m n 
D = U - U = (S + ) b T - ) b I 
1 1
 L p p L. q q 
p=l q=l 
m n 
#2 v *-* —* v-1 * - * *-
= S + 2 b S • I - 2 b S • I /_j p p Z _ i P P u q q 
p=l q=l 
m n 
+ Y *2 + y v. 
ZJ p /_J q 
p= l q=l 
2 
The q u a n t i t y D (and hence D i t s e l f ) i s a minimum when the c o n s t a n t s 
b and b have the v a l u e s 
P q 
* _# 
b = - S • I , 
P P 
b = S • I , 
q q 
tha t i s , when U - U i s o r t h o g o n a l t o b o t h L and L . Thus, 
m 
V m = S - ) I (S . I ) ( 5 4 ) 
m Lt p p 
p - 1 
and 
V = ) I S 
n Li q q V ( 5 5 ) 
q=l 
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Comparing ( 5 4 ) and ( 5 5 ) w i th ( 5 1 ) and w i t h ( 5 2 ) shows tha t 
C = 1/2(V* + *V ) 
m n 
and 
R - l /4 (V m - V)Z . m n 
Thus, the h y p e r c i r c l e r p r e v i o u s l y c o n s t r u c t e d e n j o y s the p r o p e r t y 
t h a t t h e p o i n t s and V , where the hype rp l anes o f c o m p a t i b i l i t y and 
e q u i l i b r i u m are c l o s e s t t o g e t h e r , a re the e x t r e m i t i e s o f a d i ame te r o f 
r. Fur the rmore , s i n c e any chord o f r may be r e p r e s e n t e d by a v e c t o r 
Y = X^ - X , where X^ and X^ t e rmina te on P , i t f o l l o w s from the l a s t o f 
e q u a t i o n s ( 5 3 ) t ha t 
Y • 
q q 
= 0 ( q =* 1, 2 ,
 0 0 0 , n ) 
and hence t ha t 
_ *_ 
Y • V = 0 . 
n 
#_ 
That i s , i s o r t h o g o n a l t o the p l ane o f r, 
In summary, t he v e r t i c e s V and o f the hype rp l anes o f e q u i l i ­
brium and o f c o m p a t i b i l i t y are the e x t r e m i t i e s o f a' d i ame te r o f the hyper -
c i r c l e r on which the a c t u a l s t a t e S l i e s . The p o s i t i o n v e c t o r V o f 
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the v e r t e x o f the hyperp lane o f c o m p a t i b i l i t y i s o r t h o g o n a l t o eve ry chord 
o f r. 
* 2 * 2 
P r o o f t h a t and are R e s p e c t i v e l y Upper and Lower 
2 
Bounds on S 
The summary j u s t s t a t e d and an examina t ion o f F igure 7 sugges t 
the i n e q u a l i t i e s 
* 2 2 2 
n — — m 
A p r o o f may be c o n s t r u c t e d as f o l l o w s . By r ea son o f e q u a t i o n s ( 5 5 ) , any 
p o i n t X on P s a t i s f i e s the r e l a t i o n s 
(X - V * ) » (X - *V ) = 0 ( 5 7 ) 
m n 
and 
X • *V = S* • *V o ( 5 8 ) 
n n 
The f i r s t o f t h e s e r e l a t i o n s i s deduced as f o l l o w s 
(X - V*) - (X - *V ) 
m n 
m 
X - S + } (S - I I 
U P P 
p=l 
X - ) (S • I I 
U q q 
q=l 
m 
= (X - S ) • X + X • ) (S • I ) I 
u p p 
p - 1 
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- (x - s*) * y cs*» 
U q q 
q=l 
m 
j>=i / \ q = i 
by r e a s o n o f e q u a t i o n s ( 5 3 ) and ( 4 6 ) . The second e q u a t i o n i s i m p l i c i t 
i n the t h i r d o f e q u a t i o n s ( 5 3 ) , s i n c e i s a l i n e a r c o m b i n a t i o n o f the 
I . From ( 5 7 ) , 
X = V « X + V • X - (V • V ) 
m n m n 
o r , by use o f e q u a t i o n ( 5 8 ) , 
X = V ° X + S ° V - ( V ° V ) . ( 5 9 ) 
m n m n 
But by v i r t u e o f e q u a t i o n ( 4 6 ) 
„* *_ 
V • V = S • V 
m n n 
and hence 
X 2 = V* • X . ( 6 0 ) 
m 
-2 
From the p r e c e d i n g e q u a t i o n , X has i t s maximum v a l u e when 
X = V , 
m ' 
s i n c e X must l i e on T . Thus, V i s the maximum o f X . 
' m 
On the o t h e r hand, e q u a t i o n ( 6 0 ) may be r e w r i t t e n in the 
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NOTE: This f i g u r e i s in some r e s p e c t s d e c e i v i n g . 
A c t u a l l y , V c o n s i s t s o f the two p o i n t s V* and 
* V ^ . But t o make an i l l u s t r a t i o n more sugges ­
t i v e o f the g e n e r a l c a s e , r i s shown here a l s o as 
a ( h y p e r ) c i r c l e . 
F igu re 7 . The H y p e r c i r c l e r, Showing \/ , and S. 
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e q u i v a l e n t form 
X 2 = V*X c o s Q , ( 6 1 ) 
m 
where 0 i s the ang l e between and X. The l e f t - h a n d s i d e o f ( 6 l ) i s 
- #_ 
small when X i s small and Q i s l a r g e D The v e c t o r t o the p o i n t has 
=- # 
the s m a l l e s t l e n g t h o f any p o i n t on T and the ang l e between and 
i s l a r g e r than the ang le between V and any o t h e r v e c t o r t e r m i n a t i n g on 
P ( s i n c e V and V t e rmina t e on the o p p o s i t e ends o f a d iamete r o f r ) . 
m n 
Hence , the minimum o f X o c c u r s when X - V , Thus, f o r any p o i n t X on 
( \ ) 2 < X 2 < (V*) 2 . ( 6 2 ) 
n m 
S i n c e S l i e s on r, i n e q u a l i t y ( 5 6 ) i s p r o v e d . 
In summary, t he d i s t a n c e o f t he a c t u a l s t a t e from the o r i g i n i s 
bounded above by the d i s t a n c e from the o r i g i n t o the v e r t e x o f the hyper­
p l a n e o f e q u i l i b r i u m and be low by the d i s t a n c e from the o r i g i n t o the 
v e r t e x o f the hype rp lane o f c o m p a t i b i l i t y „ That i s , 
/ * v2 V / - * * - v2 2 / *v2 ( V z s ) (S • I ) < S < (S ) 
n u q — ~ 
q=l ( 6 3 ) 
m 
(s - i ) - (vm) -. 
p m 
These i n e q u a l i t i e s bound the s t r a i n energy o f the a c t u a l s t a t e 
S above and b e l o w . 
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CHAPTER I I I 
BOUNDS ON THE INFLUENCE COEFFICIENTS 
In t h i s c h a p t e r , bounds on the i n f l u e n c e c o e f f i c i e n t s ^ M * 
and C „ are d e r i v e d from i n e q u a l i t y ( 6 2 ) . A numer ica l example i s p r e -
sen ted which i l l u s t r a t e s the p r o c e d u r e no rma l ly f o l l o w e d in. o b t a i n i n g 
v a l u e s f o r t h e s e bounds , and some d i s c u s s i o n i s d e v o t e d t o the problem 
o f making a s t u t e c h o i c e s o f the s e v e r a l s t a t e s n e c e s s a r y t o c a r r y ou t 
the c o m p u t a t i o n s . 
The S t r a i n Energy in Terms o f the I n f l u e n c e 
C o e f f i c i e n t s C . . . C
 w s and C „ 
uH* pMy fcH 
The s t r a i n ene rgy o f the a c t u a l s t a t e S i s g i v e n by the r e l a t i o n 
L/a 
S 2 = 2 * a 2 J l / 2 ( e ^ + eQUQ + + K ^ ) d ^ « (64 ; 
' o 
By e q u a t i o n s ( l ) , N - 0 , and by e q u a t i o n s ( 4 ) = 0 . Hence e q u a t i o n 
( 6 4 ) may be w r i t t e n i n the form 
o
 2 ^ / a 
S =.a 2 J + K r M^)d^ , 
w h i c h , when combined wi th the s t r a i n - d i s p l a c e m e n t r e l a t i o n s ( 4 ) and the 
e q u i l i b r i u m e q u a t i o n s ( l ) becomes 
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S 2 - i t a 2 f H« + — . ( 6 5 ) J a a £ 
I n t e g r a t i n g ( 6 5 ) once by p a r t s and a p p l y i n g e q u a t i o n s ( l ) and ( 3 ) once 
aga in y i e l d s the r e l a t i o n 
9 L/a L/a 
S z - i ta[(uH + pM)] - ( u 6 H + £MS )d£ 
"0 o t t 
L/c 
= - ^ a ( u 0 H 0 + § 0 M Q ) - ira | H(u ( -
= -7 t a (u 0 H Q + p 0 M Q ) , 
s i n c e S s a t i s f i e s the r e l a t i o n a* ~ ap „ I f u Q and P Q a re e x p r e s s e d in 
terms o f the i n f l u e n c e c o e f f i c i e n t s , then ( 6 6 ) becomes 
S 2 = - , a [ ( - C u H H 0 + C u M M 0 ) H 0 + ( C ^ - C ^ M ^ ] ( 6 7 ) 
o r $ s i n c e C - C 
* uM pH* 
Thus the s t r a i n ene rgy o f the a c t u a l s t a t e S can be e x p r e s s e d as 
a q u a d r a t i c form in the q u a n t i t i e s and wi th c o e f f i c i e n t s r e l a t e d t o 
the i n f l u e n c e c o e f f i c i e n t s as shown by e q u a t i o n ( 6 8 ) . 
Bounds on the I n f l u e n c e C o e f f i c i e n t s 
2 , . - * 
I f S I s g i v e n by e q u a t i o n 1 6 8 ) , and the e q u i l i b r i u m s t a t e S i s 
*2 
chosen so t h a t S i s a l s o a q u a d r a t i c form i n and H , then the 
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i n e q u a l i t i e s ( 6 2 ) take the form 
a l H 0 - 2 a 2 H 0 M 0 + a 3 M 0 
^
c / o - V o * o K f / c ( 6 9 ) 
< b l H 2 - 2 b 2 H 0 M 0 + b 3 M2 , 
where the numbers a^9 a^, a^, t^ , b^9 and b 3 a re c a l c u l a b l e . Each mem­
b e r o f ( 6 9 ) i s p o s i t i v e d e f i n i t e , and the i n e q u a l i t i e s a re v a l i d f o r a l l 
v a l u e s o f H Q and M Q , In p a r t i c u l a r , t hen , i f H Q = 1 and M Q = 0 , 
a. < C „ < b . ; ( 7 0 ) 1 — uH — 1 
i f H Q = 0 and M Q - 1, 
a 3 < C p M < b 3 . ( 7 1 ) 
Bounds f o r C „ which are no t p a r t i c u l a r l y c o n f i n i n g can be deduced 
2 
from the f a c t t h a t S i s p o s i t i v e d e f i n i t e , so t ha t 
(C J 2 - C „C , . < 0 
EH uH EM — 
o r 
I C p HI - VCuHC£M 
More e x a c t i n g bounds can be o b t a i n e d by the f o l l o w i n g r e a s o n i n g . For 
v a l u e s o f and f o r which H^M^ > 0 , the r i g h t i n e q u a l i t y in ( 6 9 ) be­
comes , upon d i v i s i o n by H Q M Q , 
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> b 2 - l / 2 [ b l - C u H ] H Q / M 0 - l / 2 [ b 3 - C ^ l M ^ . ( 7 2 ) 
The e x a c t v a l u e s o f C
 I T and C are not known, but lower bounds , C I T 
uH pM ' ' uH 
and C ^ , can be found by i n e q u a l i t i e s ( 7 0 ) and ( 7 1 ) . Using t h e s e bounds 
in ( 7 2 ) w i l l no t d e s t r o y the sense o f the i n e q u a l i t y , and so ( 7 2 ) may be 
w r i t t e n i n the form 
C p H > b 2 - l / 2 [ b l - C^V^ - l / 2 [ b 3 - C ^ ] M 0 / H 0 . ( 7 3 ) 
I f t he r i g h t s i d e o f ( 7 3 ) i s though t o f as a f u n c t i o n o f Hq/Mq (Hq/Mq>0), 
then the r i g h t member assumes i t s l a r g e s t v a l u e when 
"cA = A \ | ( W / ( b i "3/ ' 
and hence i n e q u a l i t y ( 7 3 ) i n i t s most r e s t r i c t i v e form i s 
C p H > b 2 - V ( b 1 - C u H ) ( b 3 - C f c M ) . ( 7 4 ) 
For v a l u e s o f H Q and MQ f o r which H^M^ < 0 , the r i g h t i n e q u a l i t y in ( 6 9 ) 
becomes 
< b 2 + l / 2 [ b l - C u H ] ( - H o / M 0 ) + l / 2 [ b 3 - C M ] ( - M 0 / H Q ) . 
By r e a s o n i n g as a b o v e , t he i n e q u a l i t y 
C
PH * b2 t V^r5VV' <75> 
i s o b t a i n e d . The combining o f ( 7 4 ) and ( 7 5 ) y i e l d s 
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(76) 
The l e f t i n e q u a l i t y o f ( 6 9 ) s i m i l a r l y y i e l d s 
" ^
C u H - a l ^ C EM " a 3 7 - C pH ^ a 2 
pM a 3 ^ * 
( 7 7 ) 
By c o l l e c t i n g the i n e q u a l i t i e s ( 7 0 ) , ( 7 1 ) , ( 7 6 ) , and ( 7 7 ) , the 
f o l l o w i n g summary o f bounds f o r the i n f l u e n c e c o e f f i c i e n t s i s o b t a i n e d . 
a i * C uH * b l 
a 3 * ° p M " b 3 
b 2 " V ( b l " C u H > ( b 3 - V ' * i { * b 2 
'uM 
+
 V ' b l " C u H ^ b 3 - W ' 
" V ( C u H - a ! ) ( C p M " 
ft 
< a 2 
+ Y ( C u H " a l ) ( C E M 'p  a 3 J 
2 2 
Here a^, aji and a^ a r e t h e c o e f f i c i e n t s o f H ^ , - 2 H Q M , and r e s p e c t i v e l 
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1 * 2 in the e x p r e s s i o n — ( V ) ; b . , b n , and b - a re the s i m i l a r c o e f f i c -ica n l z o 
I * o 
i e n t s in the e x p r e s s i o n — (V ) ; and C „ , C . . . C . . . and C . . . a re upper 
r
 7ia m uH* fcM' _uH/ _ f c M 
and lower bounds on the q u a n t i t i e s and C ^ r e s p e c t i v e l y . 
A Numerical Example 
In t h i s s e c t i o n the r e l a t i o n s d e r i v e d above are used t o compute 
bounds on the i n f l u e n c e c o e f f i c i e n t s f o r the s h e l l o f the t y p e shown in 
F i g u r e 1 d e s c r i b e d by the parameters a = 1, L = 3, and h = h^e ^ , where 
h = 0 .1 and
 p = 2 . 8 . 
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The c h o i c e s o f the f u n c t i o n s which d e f i n e the s t a t e s S and S 
should be made in such a way tha t the s t r a i n e n e r g i e s o f the two s t a t e s 
are abou t equal t o each o t h e r , and thus a lmos t equal t o the s t r a i n energy 
o f t he a c t u a l s t a t e . To i n s u r e t ha t the s t r a i n energy o f t he e q u i l i b r i u m 
s t a t e S i s a lmos t equal t o the s t r a i n ene rgy o f the a c t u a l s t a t e S, i t 
_ * 
i s n e c e s s a r y tha t the s t a t e S be chosen so t ha t the s t r e s s e s c l o s e l y 
*_ 
approx imate t h o s e o f the a c t u a l s t a t e . L i k e w i s e , the c o m p a t i b l e s t a t e S 
should be chosen in such a way tha t the d i s p l a c e m e n t s c l o s e l y approximate 
t h o s e o f the a c t u a l s t a t e . S i n c e the s h e l l i s s u b j e c t e d t o e x t e r n a l 
f o r c e s and moments o n l y a long the lower e d g e , i t i s p h y s i c a l l y r e a s o n a b l e 
t o assume tha t the b e h a v i o r o f the s h e l l w i l l be de te rmined a lmos t en­
t i r e l y by the c h a r a c t e r i s t i c s o f the p a r t o f the s h e l l near the lower edge 
In p a r t i c u l a r , f o r small v a l u e s o f p, the s t r a i n s and s t r e s s e s w i t h i n the 
s h e l l shou ld be n e a r l y the same as t h o s e i n a s h e l l w i th a c o n s t a n t t h i c k ­
ness equal t o the lower edge t h i c k n e s s , o r r e f e r e n c e t h i c k n e s s , o f the 
v a r i a b l e s h e l l . Thus, i t seems p r o p e r t o chose the f u n c t i o n s d e f i n i n g 
S and S t o be o f the same form as g i v e n i n e q u a t i o n s (9), ( 1 0 ) , ( l l ) , 
and ( 1 2 ) . 
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In c h o o s i n g the s t a t e S p which w i l l then d e f i n e the normal i zed 
s t a t e I - S^/ S p the s i m p l e s t p r o c e d u r e t o f o l l o w i s t o assume a d i s ­
p lacement u and use e q u a t i o n s ( 3 ) and ( 4 ) t o f i n d the s t r a i n s . Equat ion 
( 5 ) may be used t o e x p r e s s the Inner p r o d u c t i n the form 
s i = 1 1 5 J + D K r ^ d z ( 7 8 ) 
0 
- IT 
,L/a
 9 9 
[ C u 2 + D ( p ' ) ]<£ 
u i s assumed t o be o f the form 
u = a / 2 m ^ e " ^ [ - ( ( ^ + C 2 ) c o s n£ + ( ^ - C 2 ) s i n mt{J ( 7 9 ) 
by a n a l o g y w i t h e q u a t i o n ( 9 ) , where m, C^, and C 2 a re c o n s i d e r e d t o be 
o p t i m i z i n g pa rame te r s . Then p i s g i v e n by the r e l a t i o n 
p = e " m ^ ( C 1 c o s mK + C 2 s i n ml) , ( 8 0 ) 
s i n c e e q u a t i o n s ( 3 ) must be s a t i s f i e d . 
For a comple t e e q u i l i b r i u m s t a t e , a s u i t a b l e f u n c t i o n can be 
c h o s e n ; then H and N are de te rmined from e q u a t i o n s ( l ) . Equa t ions ( 5 ) 
may be used t o e x p r e s s the inne r p r o d u c t in the form 
S * 2 = TTA 2 J ^ ( N ^ / C + M^/D)d£ . ( 8 1 ) 
By ana logy w i t h e q u a t i o n ( l l ) , i s chosen t o be o f the form 
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= m D r / a | e ~ m r [ ( C 2 - ) c o s mZ - (C^ + C 2 ) s i n ml] ( 8 2 ) 
+ e m K [ ( C 3 + C 4 ) c o s n* + ( C 4 - C 3 > s in n*;]J, 
S i n c e S must s a t i s f y e q u a t i o n s ( 1 ) , H must t h e r e f o r e s a t i s f y the r e l a ­
t i o n 
H = 2 m 2 D r / a 2 ^ e m ^ [ C 2 c o s mT - s i n n £ ] ( 8 3 ) 
+ e m ^ [ - C 4 c o s nC + C 3 s i n m ^ ] ^ , 
where 
D p = D - E h ^ / [ l 2 ( l - v 2 ) ] 
and C^, C 2 , C 3 , and are chosen so t ha t e q u a t i o n s ( 2 ) a re s a t i s f i e d 
# 2 
To compute lower bounds , S^ i 
( 7 9 ) and ( 8 0 ) i n t o ( 7 8 ) . This y i e l d s 
  
To compute lower bounds , S^ i s f i r s t computed by s u b s t i t u t i o n o f 
V = Jc ra2/4m2 [ ( C l + C 2 ) 2 e ^ P * c o s 2 n*<* (84) 
-2 (C 2 -C 2 ) J ,-(2m+p)«: 
c o s mr s i n mloX 
o 
+
 <C1 " C2'2JL/a e_(2m+p)^ si"2**] 
o 
+ m 2 D r [ ( C l - C 2 ) 2 e " < 2 m + 3 P * c o s 2 
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2 Jl, r L / / a - ( 2 m + 3 p ) ^ 
- 2 ( C * - Cp e M s i n m£ c o s m£d£ 
o 
+ ( C 1
 + C2 ) 2J L / a *-{2m+3pk s i n 2 ^ drlj 
X 1 C 2 + X 2 C 1 C 2 + X 3 C 2 
By e q u a t i o n ( 6 3 ) , 
V = ( S * . V s ) 2 ( 8 5 ) 
- [ - a ( u o H o + P o M o ) 2 ^ A s 2 
= icVt-C^  + C 2 ) H Q + C ^ ] 2 / V . 
Equa t ions ( 7 0 ) and ( 8 5 ) y i e l d 
, 2 / * 2 
ira ( C 1 + C 2 } / S * C uH > ( 8 6 ) 
where C^, C^, and m may a l l be used t o make the l e f t - h a n d s i d e o f the i n ­
e q u a l i t y ( 8 6 ) as l a r g e as p o s s i b l e . The optimum v a l u e f o r C 2 w i t h 
= 1 may be found by s e t t i n g = 1, d i f f e r e n t i a t i n g the l e f t - hand 
s i d e o f I n e q u a l i t y ( 8 6 ) , and s o l v i n g f o r the v a l u e o f C 2 which makes the 
above d e r i v a t i v e v a n i s h . The r e s u l t s o f t h e s e o p e r a t i o n s are found t o 
be 
C l " 
C 2 = ( X 2 - 2 X 1 ) / ( X 2 - 2 X 3 ) , 
( 8 7 ) 
46 
where X^, X ^ , and X^ are d e f i n e d by e q u a t i o n ( 8 4 ) . By t r i a l and e r r o r , 
the maximiz ing v a l u e o f m i s found to be g i v e n a p p r o x i m a t e l y by the r e ­
l a t i o n 
m = (1 + 0.41p/x)X , ( 8 8 ) 
where X i s d e f i n e d by e q u a t i o n ( 8 ) . 
For the p a r t i c u l a r c a s e be ing c o n s i d e r e d , the r e s u l t s o f the 
above compu ta t i ons are as f o l l o w s . 
X x = 7 0 3 . 5 5 
X 2 = - 3 6 6 . 0 2 
X 3 = 5 6 4 . 0 4 
C l = 1 
C 2 = 0 .36 
* 2 S = 1 1 7 2 . 9 2 
0 . 0 0 0 1 3 < C „ ( 8 9 ) 
U n 
By u s i n g e q u a t i o n ( 2 4 ) , the v a l u e o f C ^ f o r a s h e l l o f c o n s t a n t t h i c k n e s s 
h^ and i n f i n i t e l e n g t h i s found t o be 
( C u H ) C T = 0 .815 x 1 0 ~ 4 , 
and hence ( 8 9 ) can be w r i t t e n i n the form 
l - 6 ( C u H ) C T < C u H . ( 9 0 ) 
4 7 
For C ^ , the ana logue t o e q u a t i o n ( 8 8 ) i s 
m = ( 1 - 0 . 3 2 p A ) \ • ( 9 1 ) 
By u s ing t h i s e q u a t i o n and pe r fo rming c a l c u l a t i o n s s i m i l a r t o t h o s e 
g i v i n g a l ower bound on the f o l l o w i n g r e s u l t s a re o b t a i n e d , 
X = 7 0 3 . 5 5 
X 2 = - 3 6 6 . 0 2 
X 3 = 5 6 4 . 0 4 
C l = 1 
C 2 = 1 . 1 9 
* 2 
S = 1 0 6 3 . 5 4 
0 . 0 0 5 2 < C
 M ( 9 2 ) 
By e q u a t i o n ( 2 3 ) , 
( V C T = ° - ° ° 2 7 ' 
and hence i n e q u a l i t y ( 9 2 ) can be w r i t t e n i n the form 
^VcT^pM • ( 9 3 ) 
Requ i r i ng e q u a t i o n s ( 8 2 ) t o s a t i s f y the boundary c o n d i t i o n s = 1 , 
M Q = 0 and s o l v i n g f o r the c o n s t a n t s C ^ , C 2 , C ^ , and y i e l d s the f o l l o w ­
ing r e s u l t s . 
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C = C 2 = 1 . 1 5 x 1 0 4 
C 3 = C 4 = 0 ( 9 4 ) 
S u b s t i t u t i n g e q u a t i o n s ( 8 2 ) and ( 8 3 ) i n t o e q u a t i o n ( 8 1 ) and u s i n g the 
v a l u e s o f the c o n s t a n t s g i v e n by ( 9 4 ) y i e l d s the r e s u l t 
* 2 - 4 
S = 1 . 3 9 x 1 0 Tta 
when the approximate min imiz ing v a l u e 
m = 6 . 8 9 
i s u s e d . Upon comparing t h i s r e s u l t w i t h e q u a t i o n ( 6 9 ) and r e c a l l i n g 
t ha t MQ = 0 and HQ = 1 , i t i s seen tha t 
C
 u < b. = 1 . 3 9 x 1 0 " 4 . ( 9 5 ) 
url — 1 
By e q u a t i o n ( 2 4 ) , 
( C u H ) C T = 8 .13 x l O " 5 , 
and so ( 9 5 ) can be r e w r i t t e n i n the form 
C U H ^ 1-7°(cuH)cr • ( 9 6 ) 
A s i m i l a r computa t ion wi th M^ = 1 , = 0 , and m = 6 . 8 5 y i e l d s 
the r e s u l t s 
S* 2 = 6 . 7 5 x 10" 3 Tta ( 9 7 ) 
and 
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By e q u a t i o n ( 2 3 ) , 
c
„u < b = 6 . 7 5 x l ( f 3 . ( 9 8 ) pM — 3 
( V C T = 2 - 6 9 X 1 0 " 3 • 
and so ( 8 9 ) can be r e w r i t t e n in the form 
C
P M £ 2-51VcT * ( 9 9 ) 
The f o l l o w i n g p r o c e d u r e i s found t o y i e l d good upper and lower 
bounds on the i n f l u e n c e c o e f f i c i e n t C . , (=C . , ) „ The v a l u e s o f a , , a 0 , 
uM P H 1' 2' 
and a^ are computed from e q u a t i o n ( 8 5 ) by us ing the v a l u e s f o r and 
g i v e n by e q u a t i o n ( 8 7 ) and the v a l u e o f m g i v e n by e q u a t i o n ( 8 8 ) . 
These v a l u e s are found t o be 
a : = 8 .477 x 1 0 " 5 , 
a 2 = 6 .638 x l ( f 4 , 
a 3 = 5 .198 x 1 0 " 3 . ( 1 0 0 ) 
The above v a l u e s and the upper bounds on and C ^ g i v e n by ( 9 5 ) and 
( 9 8 ) , when s u b s t i t u t e d i n t o e q u a t i o n ( 7 7 ) , y i e l d 
6 . 2 2 x 1 0 ~ 4 < C u M ( = C ^ H ) < 9 . 2 4 0 x 1 0 " 4 . ( l O l ) 
The v a l u e o f C ^ f o r a s h e l l o f c o n s t a n t t h i c k n e s s h^ and i n f i n i t e l eng th 
I S 
( C uM>CT " 3 ' 3 x 1 0 " 4 > 
50 
and so e q u a t i o n ( 1 0 1 ) can be w r i t t e n i n the form 
( C U M W K M / N ^ U M V 
1.89 1 ( < < ( < 2 . 8 1 I ( . ( 1 0 2 ) 
V C T J | ^ H J ( ( c p H ) C T 
I n e q u a l i t i e s ( 9 0 ) , ( 9 3 ) , ( 9 5 ) , ( 9 8 ) , and ( 1 0 2 ) can be summarized 
as f o l l o w s . 
1 - 6 0 ( C ) < C u H < 1 . 7 0 ( C U H ) C T 
1 . 8 9 ( C ) C T < C u M < 2 . 8 l ( C u M ) C T 
( 1 0 3 ) 
1 . 8 9 ( C p H ) C T < C P H < 2 . 8 l ( C p H ) C T 
The r e s o l u t i o n o f t h e s e r e s u l t s as compared t o r e s u l t s o b t a i n e d by o t h e r 
methods i s d i s c u s s e d i n Chapter IV. 
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CHAPTER IV 
RESULTS AND CONCLUSIONS 
In t h i s chap te r bounds on the i n f l u e n c e c o e f f i c i e n t s o b t a i n e d by 
r e p e a t e d l y a p p l y i n g the p r o c e d u r e o f Chapter I I I are p r e s e n t e d g r a p h i c a l l y 
and i n t a b u l a r form and compared wi th s i m i l a r r e s u l t s o b t a i n e d by S ledd 
[ 4 ] . 
As i s shown i n S ledd [ 4 ] and in the appendix t o t h i s pape r , the 
i n f l u e n c e c o e f f i c i e n t s f o r s e m i - i n f i n i t e c y l i n d e r s depend o n l y on the 
v a l u e o f the parameter p/x. S i n c e the r e s u l t s o b t a i n e d by the method o f 
the h y p e r c i r c l e showed no a p p r e c i a b l e e f f e c t s due t o f i n i t e l e n g t h , the 
a p p r o x i m a t i o n was made tha t the i n f l u e n c e c o e f f i c i e n t s are e s s e n t i a l l y 
f u n c t i o n s o n l y o f the parameter p /xc C o n f i d e n c e in t h i s app rox ima t ion 
may be ga ined by an examina t ion o f Tab le 1, which shows the bounds on 
the i n f l u e n c e c o e f f i c i e n t s o b t a i n e d by f i x i n g the parameter p/x and v a r y ­
ing L / a . 
In the compu ta t i ons y i e l d i n g the upper bounds on the i n f l u e n c e 
c o e f f i c i e n t s C ^ and C ^ , the parameter m i s a v a i l a b l e as an o p t i m i z i n g 
pa ramete r . The u t i l i z a t i o n o f t h i s parameter i s a b s o l u t e l y n e c e s s a r y in 
o r d e r t o o b t a i n good ( i . e . , s m a l l ) upper bounds , e s p e c i a l l y in the h ighe r 
r anges o f the parameter p/x. By t r i a l and e r r o r , the approximate m i n i ­
m i z i n g v a l u e s o f m were found t o s a t i s f y the e q u a t i o n s 
m = ( l + 1.01 p/x)X ( 1 0 4 ) 
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Tab le 1. V a r i a t i o n o f Bounds on the I n f l u e n c e C o e f f i c i e n t s 
C ^ and Cpj^ w i t h L/a f o r F ixed p/x. (Va lues shown 
have been d i v i d e d by the a p p r o p r i a t e i n f l u e n c e c o e f ­
f i c i e n t f o r a s e m i - i n f i n i t e c o n s t a n t - t h i c k n e s s s h e l l 
o f the same r e f e r e n c e t h i c k n e s s . ) 
L/a (c „) 
uH upper 
(c ) 
uH lower 
(c ) 
J3M upper 
(c ) 
v
 pii/T lower 
p/x = 0.25 
1.0 1.03 1.025 1.03 1.03 
2.0 1.03 1.025 1.03 1.03 
4.0 1.03 1.025 1.03 1.03 
p/x = 0.49 
1.0 1.50 1.41 1.91 1.62 
2.0 1.50 1.41 1.91 1.62 
4.0 1.50 1.41 1.91 1.62 
pA = 0.74 
1.0 1.76 1.57 2.68 1.93 
2.0 1.76 1.57 2.69 1.93 
4.0 1.76 1.57 2.69 1.93 
6.0 1.76 1.57 2.69 1.93 
and 
m = (1 + 0.9p/x)X 
f o r the computa t ion o f C and C
 M r e s p e c t i v e l y . Values o b t a i n e d from 
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e q u a t i o n s ( 1 0 4 ) were used in a l l the compu ta t ions o f t h i s chap t e r as w e l l 
as in the numer ica l example g i v e n i n Chapter I I I . 
In the compu ta t i ons y i e l d i n g lower bounds , a l l maximiz ing param­
e t e r s were chosen by the method o u t l i n e d in Chapter I I I . 
Tab le 2 shows the e f f e c t o f the min imiz ing parameter m in the c a l ­
c u l a t i o n o f upper bounds by comparing r e s u l t s o b t a i n e d by c h o o s i n g m 
a c c o r d i n g t o e q u a t i o n s ( 1 0 4 ) and the r e s u l t s o b t a i n e d by c h o o s i n g m = X . 
Tab le 2 . E f f e c t o f U t i l i z i n g the Min imiz ing Parameter m. 
( V a l u e s shown have been d i v i d e d by the c o r r e s p o n d i n g 
i n f l u e n c e c o e f f i c i e n t s f o r a s e m i - i n f i n i t e s h e l l o f 
c o n s t a n t t h i c k n e s s . ) 
L/a = 3 . 0 
p / K v
 uH'm=\ by e q n s . ( 1 0 4 ) v £M m=X by e q h s . ( 1 0 4 ) 
0 .1 1.12 1.1 1.14 1.13 
0 . 6 5 . 0 5 1.60 4 . 9 5 2 . 1 9 
0 . 8 3 0 3 . 6 1.76 1 9 1 . 2 2 . 8 9 
The r e s u l t s o b t a i n e d by the method o f the h y p e r c i r c l e are sum­
mar ized i n Tab le 3 . T h i s t a b l e g i v e s the r a t i o o f the upper and lower 
bounds f o r each i n f l u e n c e c o e f f i c i e n t to the a p p r o p r i a t e i n f l u e n c e c o e f ­
f i c i e n t o f a s e m i - i n f i n i t e s h e l l o f c o n s t a n t t h i c k n e s s equa l t o the 
r e f e r e n c e t h i c k n e s s o f the f i n i t e s h e l l o f v a r i a b l e t h i c k n e s s . A l l 
v a l u e s were computed f o r a s h e l l w i th a r a t i o o f l eng th t o m e r i d i o n a l 
r a d i u s ( L / a ) equa l t o 3 . 
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Tab le 3. Bounds on the I n f l u e n c e C o e f f i c i e n t s C 
C P M ' a n d C u M ( = C p H ) o 
L/a = 3 
uHupper (c u l uH lower (C ) pMupper (c ) v
 l o w e r uM upper 
(c ) 
uM lower 
0.05 1.05 1.05 1.06 1.06 1.06 1.06 
0.1 1.10 1.10 1.13 1.12 1.13 1.12 
0.2 1.20 1.19 1.29 1.25 1.29 1.24 
0.5 1.50 1.44 1.91 1.66 1.91 1.57 
0.8 1.81 1.67 2.89 2.11 2.81 1.89 
1.0 2.03 1.82 3.84 2.44 3.29 2.09 
F i g u r e s (8-10) show a compar i son o f the r e s u l t s o b t a i n e d in t h i s 
paper w i t h s i m i l a r r e s u l t s o b t a i n e d by S ledd [4 ] . As can be seen by 
examining t h e s e f i g u r e s , the r e s u l t s do n o t d i f f e r s i g n i f i c a n t l y e x c e p t 
in the c a s e o f the c o e f f i c i e n t C ^ ( F i g u r e 8) , where the r e s u l t s o b t a i n e d 
in t h i s paper r e p r e s e n t a s i g n i f i c a n t improvement . 
Based on the r e s u l t s p r e s e n t e d in t h i s chap t e r the f o l l o w i n g c o n ­
c l u s i o n s can be s t a t e d . 
1. The method o f the h y p e r c i r c l e p r o v i d e s an e l e g a n t method f o r 
bounding the i n f l u e n c e c o e f f i c i e n t s o f s h e l l s o f v a r y i n g w a l l 
t h i c k n e s s . The r e s u l t s o b t a i n e d can be e x p e c t e d t o be com­
p a r a b l e t o r e s u l t s o b t a i n e d by the method o f minimum p o t e n t i a l 
and complementary e n e r g i e s as o u t l i n e d by S ledd [ 4 ] . 
L / a = 3 . 0 
-C 
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Q> 
C 
-f-> 
IF) 
IF) 
<D 
C 
J< 
o 
• H 
H 
+-> 
C 
03 
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(/) 
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O 
3 
3 
sol 
2-0\ 
/ O 
h = h e 
r 
3Y r»e 
a. a of 0.3 04 
T/A 
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F i g u r e 8 . Graph o f ' ( C ^ )
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L/a = 3 . 0 
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2. Whenever practical, approximating functions should be chosen 
which contain arbitrary parameters to be used to optimize 
the results obtained. 
3. Influence coefficients of shells of even moderate length-to-
radius ratio do not differ significantly from their infinite-
length counter-parts. This fact is important computationally 
because i t simplifies the boundary conditions which the ap­
proximating functions must satisfy and also simplifies the 
many integrals which must be evaluated in a computation of the 
strain energies from which the bounds on the influence coef f i ­
cients are obtained. From an engineering point of view, i t 
means that for practical application the influence coef f ic ­
ients depend only on the characteristics of that part of the 
shell in the immediate vicini ty of the applied loads and that 
the influence coefficients of finite shells can be considered 
to be functions of the parameter p / \ alone. 
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Appendix 
Bounds on the I n f l u e n c e C o e f f i c i e n t s and 
f o r a S h e l l o f I n f i n i t e Length 
In the c a s e L/a = » , the boundary c o n d i t i o n s which must be s a t i s -
f i e d by the s t a t e S are 
NL.(0) = M Q ; 
H(0) = H Q ; 
M^-» 0 as £ - * o o ; A - l 
H ^ O as . 
The f u n c t i o n s 
NL, = ( m D r / a ) e" N ^J0: 2 - C ^ c o s n£ - ( C ^ C ^ s i n m j^ 
and 
H - (am 2 D / a ) e " ^ ( C . c o s m£ - C. s i n m£) 
r 2 l 
w i t h 
C, = a2HV2m2D - aMJmD 1 O r <J r 
and 
C 2 = a 2 H Q /2m 2 D r 
d e f i n e a s u i t a b l e s t a t e S . 
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The upper bound on can be found from the s t r a i n energy o f S 
w i t h HQ = o and = 1. In t h i s c a s e , 
C. = -a/mD 
1 r 
and 
c2 = 0. 
The s t r a i n energy o f S i s found by u s i n g e q u a t i o n ( 8 1 ) , 
= * a 2 [ l / C r ( 4 m 4 / a 2 ) ( l / ( p - 2m)) 
+ ^ ( - 8 m 4 / a 2 ) m / ( ( p - 2 m ) 2 +
 4 m
2 ) 
r 
+ ( l / D r ) ( l / ( 3 p - 2m)) 
+ ( l / D )m/ ( ( 3 p - 2 m ) 2 + 4 m 2 ) ] . A-2 
I t f o l l o w s from e q u a t i o n s (6) and ( 8 ) t ha t 
4 / 2 C = 4D X 7 a ; 
r r ' 
and by use o f t h i s r e l a t i o n e q u a t i o n A-2 may be r e w r i t t e n i n the form 
S * 2 = 7ta(a/xDr)[(m/x)4 • l / ( p / X - 2 m / x ) - 2(m/x)5 
' 1 / ( (pA - 2m/x)2 + 4(m/x)2)+ l/(3p/x-2m/x) 
+ (m/x)/ ( ( 3 P / X - 2m/x)2 + 4(m/x)2)]. 
From e q u a t i o n ( 2 3 ) , 
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( C r . J pM'CT \ D ' 
and from i n e q u a l i t i e s ( 6 3 ) and ( 6 9 ) w i t h M^ = 1 and = 0 , 
* 2 
S 
pM — ica 
Thus, 
C ^ M / ( C p M ) C T < [ ( M / \ ) 4 • l/(p/x - 2m/x) 
- 2(m/x)5 • l / ( (p/x - 2m/x)2 
+ 4(m/x)7 + l / ( 3 P A - 2 m A ) 
+ (m/x)/( ( 3 p A - 2 m A ) 2 + 4 ( m A ) 2 ) ] . 
I n e q u a l i t y A-3 g i v e s an upper bound on in terms o f the parameter
 p/x 
and the i n f l u e n c e c o e f f i c i e n t ( C p j ^ Q T * ^he parameter m i s t o be a s s igned 
the v a l u e which makes the bound as small as p o s s i b l e . 
S i m i l a r c a l c u l a t i o n s w i t h M^ = 0 , = 1 y i e l d the f o l l o w i n g upper 
bound on the c o e f f i c i e n t C . . . 
uH 
C u H / ( C u H ) C T < [ (m/x) 2 ( l / (p/X - 2 m A ) ) 
+ ( P / X - 2m/x)/((p/X - 2 m A ) 2 + 4(m/x)2) 
+ (x/m)2(l/^ p/x - 2 m A ) ) 
- ( 3 p A - 2m/x)/((3pA - 2m/x)2 
+ 4(m/x)2) ] . A - 4 
*_ 
To f i n d lower bounds on C and Cnx.. the s t a t e S may be d e f i n e d 
uH BM' 1 
by the r e l a t i o n s 
u = 'ine~mK[(C1 + C 2 ) c o s rr^  + ( C 2 - C x ) s i n n * ] , 
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p = e [C^ c o s m£ + s i n m^] . 
The s t r a i n ene rgy o f S i s g i v e n by the r e l a t i o n 
o  
V = % \ [ C u 2 + D ( p » ) 2 ] d ^ . 
J o 
Per forming the i n d i c a t e d i n t e g r a t i o n s g i v e s the f o l l o w i n g e x p r e s s i o n s 
f o r t he terms X ^ , X^ and X^ d e f i n e d by e q u a t i o n ( 8 4 ) . 
X = D \ 4 / [ m 2 ( 2 m +
 p ) ] + m 2D / ( 2 m + 3p) 1 r r r r 
- 2 \ 4 D r / ( m [ ( 2 m + p ) 2 + 4 m 2 ] ) 
+ 2 m 3 D r / [ ( 2 m + 3 p ) 2 + 4 m 2 ] ; 
X 2 = 2D r (2m + p ) / [ ( 2 m + p ) 2 + 4 m 2 ] 
- 2 m 2 D r / [ ( 2 m + 3 p ) 2 + 4 m 2 ] ; A-5 
X = D / [ m 2 ( 2 m + p ) ] + m 2D / ( 2 m + 3p) 
3 r r 
+ 2 \ 4 D r / m [ ( 2 m + p ) 2 + 4 m 2 ] 
- 2 m 3 D r / [ ( 2 m + 3 p ) 2 + 4 m 2 ] . 
The lower bounds can be found from e q u a t i o n s A-5 u s i n g the p r o ­
cedure o u t l i n e d i n Chapter I I I . 
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